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Resume 

The aim of this note is to extend recent results of Yajima-Zhang |Y-Z11 IY-Z2j on 
the i- smoothing effect for Schrodinger equation with potential growing at infinity 
faster than quadratically. 



1 Introduction 



The aim of this note is to extend a recent result by Yajima-Zhang |Y-ZH IY-Z2j . In this 
paper these authors considered the Hamiltonian H = —A + V(x) where V is a real and C°° 
potential on M. n satisfying for some m > 2 and (x) = (1 + |x| 2 )a, 



\d a V{x)\ < C a {x) m -\ a \ xeW 1 , aeN n 



(1.2) for large |x|, V(x) > C x \x\ m , C x > 0, 

and they proved the following. For any T > and x £ C^°(M n ) one can find C > such 
that for all u in L 2 (R n ), 



1.3) f \\x(I-A)^e- itH u \\^ m dt<C\\u \\l 2{ 

Jo 



where A is the flat Laplacian. In this note, using the ideas contained in Doi |D3j we shall 
show that one can handle variable coefficients Laplacian with time dependent potentials, one 
can remove the condition (jl.2|) . one can replace the cut-off function x m (jl-3|) by (x)~^~ 
with any v > and finally that the weight {x)~z is enough for the tangential derivatives. 
When V = the estimate (|1.3|) goes back to Constantin-Saut |C-Sj . Sjolin jSj, Vega jVj, 
Yajima [Y] who extended to the Schrodinger equation a phenomenon discovered by T. Kato 
[K] on the KdV equation. Later on their results where extended to the variable coefficients 
operators by Doi in a series of papers |D1[ ID2[ ID3| ID4j which contained the case m = 2 of 
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Theorem 1.1 below. 

Let us describe more precisely our result. It will be convenient to introduce the Hormander's 
metric 

<L4) g = W + W 

to which we associate the usual class of symbols S(M,g) if M is a weight. Recall that 
q G S(M,g) iff q G C°°(R 2n ) and 



Va,/3 G N™ 3C a/3 > 0, |d£c^(z,OI ^ C^M(x, 0<z)- |/3| <£)- |a| , V(s,£) e T*(R") 
If T > we shall set 

(1.5) J S T (M^) = L OC ([0,T],5(M^)). 
We shall consider here an operator P of the form 

n 

(1.6) P= J2( D j- a i( t > x ))9 jk (x)( D k-ak(t,x))+V(t,x) 

j,k=i 

and we shall denote by p the principal symbol of P, namely 

n 

(1.7) /'(.'•. a Xy*(ar)&&. 

i,fc=i 

We shall make the following structure and geometrical assumptions. 

Structure assumptions. We shall assume the following, 

{{%) the coefficients a,, g^ k , Vaie real valued for j, k — 1, n, 
(m) p G S{(0 2 ,g) and V^' fc (x) = od^" 1 ), |x| — ► +oo 1 ^ j,k 

(1.9) 35 >o, p(x,o^5|ei 2 , v(^)er(r). 

(1.10) For any fixed t in [0, T] the operator P is essentially self adjoint on L 



Geometrical assumptions. Let <pt be the bicharacteristic flow of p. It is easy to see that under 
the conditions IfTBj) . lOll it is defined for all t G E. Let us set S*(R n ) = {(z,£) G T*(R n ) : 
p(x,£) = 1}. Then we shall assume that, 

(1.11) Vifcompact g S*(R n ) 3t K > such that $ t (K) n K = , Vt>t K . 

This is the so-called "non trapping condition" which is equivalent to the fact that if £) = 
(x(t), (f(t)) then lim |x(t)| = +oo. 



We shall consider u G C x ([0, T], <S(R n )) and we set 

(1.12) f(t) = (A + P)u(t) 

For s6l let e s (x,£) = (1 + |£| 2 + |x| m )5 and E s be the Weyl quantized pseudo-differential 

operator with symbol e s . 

Our first result is the following. 

Theorem 1.1 LetT > 0. Let P be defined by / TO) which satisfies / TO) . / TO) . 17777^ . 17777) ). 

Tnen /or any > one can /md C = C(v,T) > swca iaai /or any n G C 1 ([0, T], iS(lR n )) 
and a// 1 m [0,T] we /jave 7 

IKf)llk+ / T ||(a:)- i ^^n(t)||i 2 a't^ C (||ti(0)||i> + f \\ (x)^E_ ± f(t) f L2 dt). 
Jo Jo 

Here L 2 = L 2 (R n ) and f(t) is defined by hTTE) . 

Now even when P is the flat Laplacian it is known that the estimate in the above Theorem 
does not hold with v = 0. However we have the following result. Let us set 

(1.13) ^ = 3|ZM , l^j,k^n, 
and let us denote by £J k its Weyl quantization. 

Theorem 1.2 Let T > 0. Let P be defined by / II. 6)) real coefficients satisfying hl.ty) . 

n~m).n~n\) and 



(1.14) 



(i) g jk = S jk + b jk , b jk G S((x) ao ,g), for some a > 0, 

(ii) aj eS T ({x)^,g), VeS T ({x) m ,g). 



Then for any v > one can find C = C(u,T) such that for any u G C 1 ([0, T], l 5(R n )) and 
f(t) = (A + P)u{t) we have 

E [ T \\(x)^Eaj k u(t)\\hdt^ C(|K0)||| 2 + [ T \\(x)^E_ ± f(t)\\hdt). 
f^Jo ™ Jo 

Here are some remarks and examples. 

Remark 1.3 l)We know that one can find ip G C^°(|x| < 1) and <p G C£°(~ < |x| ^ 2) 

+oo 

positive such that ip(x) + 0(2 _J ':r) = 1, for all x in M n . Let V = |x| m (f)(2~-'x) — 

j'=0 j even 

\x\ 2 (p(2~ix). Then V G S((x) m ,g) and since V ^ — |x| 2 £ne operator P = —A + V 

j odd 

is essentially self adjoint on C^°(lR n ). It follows that hi. 9$ . hl.l(J\) . hi. 11)) and \1.1J$ are 
satisfied, therefore Theorem 1.1 and 1.2 apply. However the lower bound hi. 2]) assumed in 
\Y-Z2$ is not satisfied. 

n 

2) Assume that p(x,£) = |£| 2 + e bjk{x)£,jtik with bjk G S((x)~ a °, g) for some a > 0. 

j,k=i 

Then if e is small enough the non trapping condition hi. 11]) is satisfied. 
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2 Proofs of the results 



X ' ^ 

Let us consider the symbol a (x, £) = ~j^y- A straightforward computation shows that under 
condition (|1.8|) (ii) one can find Co, Ci, R positive such that 

(2.1) Hpao(x,£) ^ ColCI - c i, if fat) e ^*(R n ) and |x| ^ fl. 

where H p denotes the Hamiltonian field of the symbol p. 
Then we have the following result due to Doi [D3]. 

Lemma 2.1 Assume moreover that 111. 11)) is satisfied then there exist a G S((x),g) and 

positive constants C^^C^ such that 

(i) H p a(x,0 ^ C 2 |C| -C 3 , V(s,£) G T*(R«) ; 

(m,) a(a;, £) = a (x, £), if \x\ is large enough. 

The symbol a is called a global escape function for p. Here is the form of this symbol. Let 
X G Cg°(R n ) be such that xfa) = 1 if M ^ 1, x(x) = if |x| ^ 2 and ^ x ^ 1. With # 
large enough and M ^ 2R we have, 

a(x, = aofo £) + M?x(^)fli fa J— )(1 - O(y/p(x,0) 

where 

and 7r($i(a;, £)) = x(*; x, f ) , 0(*) = 1 if ^ t ^ 1, 0(t) = if t ^ 2, ^ ^ 1. Details can 
be found in [D3]. 
Proof of Theorem 1.1 

Let -0 G C°°(R ?1 ) be such that suppip G [e,+oo[, ip(t) = 1 in [2e, +oo[ (where e > is a 
small constant chosen later on) and ip'{t) ^ for t G R. Following Do'i [D3] we set, 



(2.2) 



^b(t) = l-^(t)-^(-t) = l-^(|t|) 
^i(t) = ^(-t)-^(t) = -sgnt^(|t|) 



Then tf)j G C°°(R), for j = 0, 1 and we have 

(2.3) = -sgn*V'(l*l) and = -^'(1*1)- 

Let x e C°°(R) be such that x(t) = 1 if t ^ |, x(*) = if t ^ 1 and x(*) e [0, 1]. With 
given by Lemma 2.1 we set 



(2.4) 



0(x,£) = ^g^, (^)er(f"), 

r(s,fl = -^=, (x,e)6T*(R»)\0. 
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Finally we set 

(2.5) -A = (^y^o(^) - (Mo - (a)-^i(0))p^x(r), 

where v > is an arbitrary small constant and Mq a large constant to be chosen. 
The main step of the proof is the following Lemma. 

Lemma 2.2 (i) One can find M > such that for any v > there exist positive constants 
C, C such that 

(2.6) -H p X(x,0 > C^-^del 2 + \x\ m )- - C, V(x,0 G T*(R«), 
(ii) \ES(l,g), 

(Hi) [P, X w ] - \{H P \) W e Op w S T (l,g). 
Proof 

First of all on the support of x(r) we have (x) 2 * 5= yp{x, £) ^ C|£|- It follows that |£| ~ (£) 
and |f| ^ |f| + (x)^ ^ C'\£\. Now 

6 

(2.7) -J^J^ 
where the Aj's are defined below. 

1) A\ = (H p {x)~ 1 )pm~2 a?po(Q)x( r ) ■ Since on the support of ipo(9) we have \a\ < 2e(x), it is 
easy to see that 

(2.8) lAi^C^)- 1 ^^^-^^!))^). 

2) A 2 = (x)~ 1 p™~^(H p a)ijjo(9)x(r). By Lemma 2.1 (z) we have 

(2.9) A 2 £ Ca^-^iei + <*> f )» (1 - WD)x(r) - C£- 

3) A 3 = (z)-^~Wo(0)CMM r )- It follows from (Q, (Q that 

(2.10) A3 = -^-^|(tf p %/(|#|Mr) 

4) y4 4 = p™~^{H p (a)~ v )ipi(9)x{r). Here we have H p (a)~ v = —v(a)~ 2 ~ u aH p a. It follows from 
fl2~2l that A A = up^~^\a\(a)- 2 - u (H p a)tp(\9\)x(r). Now on the support of tp(\9\) we have 
e(x) < \a\ and since a G S((x),g) we have |a| < C(x). It follows from Lemma 2.1 (i) that 

(2.11) A 4 > Cs^-^dd + (x>*)^V(l»l)x(r) - C s . 

5) A 5 = -pm-3(M - (a}-")(^)^(e)x(r). It follows from (Q that 

(2.12) A 5 = p&-4(M - (o>-")(J3^)^(|fl|)x(r) 
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We deduce from (EHU1) and (l2~T2l that 

A 3 + A 5 = p^(M - (a)~ v - \6\)(H p 6)f(\6\) x (r) 

Now H p 9 = (x) _1 H p a + aHp(x)" 1 . Since |a| < 2e|#| on the support of ^'(1^1) we deduce that 
H p 9 > C^x)- 1 ^] - C 5 > -C 5 . Taking M > 2 and using the facts that tp' > 0, X > and 
£ < |#| < 2e on the support of "(/>'( |#|) we obtain 

(2.13) A 3 + A 5 >-C 6 

6) A 6 = ((x^aMOyiMo-iaynM^P^Hplxir)}. We have tf p [ X (r)] = -^(# p (x)f ) x '( r ) 
On the support of x'(r) we have (x) ~ |q™ i this implies that 

p^\H p [x(r)}\ < C\^- i mX}2 \ X '(r)\ < C 7 . 

Therefore we obtain 

(2.14) |As|<C 8 . 
Gathering the estimates obtained in (|2.8|) to ()2.14|) we obtain 



(2.15) -H P X > q^-^dei + (x>T)» x (r) - C : 



10- 



12- 



Now on the support of 1 — x( r ) we have |£| < Cn(x) 2 so (x) u (\£,\ + (x) 2 )m < C 
Therefore writing 1 = 1 — x + X an d using ()2.15|) we obtain ()2.6|) . 

(m) We use the symbolic calculus in the classes S(M,g). We have (a;) -1 G S^x)' 1 , g), 
a E S((x) , g), p E S((C,) 2 , g) so pm~2 e S((t;)™~ 1 , g) since p > C > on supp x( r )- Moreover 
x(r) G <5'(1,(7) and on suppx(^) we have (x)t < C|£|. It follows that A G S^)™^ 1 , g) C 
5(1,5)- 

(m) By the symbolic calculus {A, V} G ST((0™~ 1 ( x ) m ( x )~ 1 (0~ 1 -:9)- Since we have (x)^ < 
C|f I on its support we will have (x) m_:l (f)™ _2 < C|£|£ (m-1) (0£ _2 < C Therefore {A, V} G 
S T (l,g). Now if beS T ({x)^,g) we have {A, 6^} e ^((O™ -1 ^ IfKz) -1 ^)" 1 ^) and since 
(x)f < C|e| we have (x)^ 1 ^)^ 1 < CKI^" 1 )^)™ -1 < C ' so {A, e S T {l,g). 

Finally [Op«(p),A«] - i^A)- G S«0 2 <0» _1 <a:>- 2 <0- 2 ^) C Op«5(l,y). ■ 
End of the proof of Theorem 1.1. 

Since A G S(l,g) we can set M = 1 + sup |A(x,£)|. Let us introduce N(t) = ((M + 
A w )u(i), w(t))L2( K n). Then there exist absolute constants C\ > 0, Ci > such that CiH^t)!! 2 ^ < 



N(u(t)) < C 2 \\u{t)\\\ 2 . Now 



= ((M + A«)^(t), u(t))„ + ((M + A>(t), ^(t)) L , 
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du 

Since = —iPu(t) + if(t) and P* = P we obtain 

jN{t) =i([P, \ w ]u(t),u(t)) L i - 2 Im((M + \ w )f(t), u(t)) L 2 

= - ((-H p \ru(t),u(t)) L i - 2 Im((M + A tt )/(t), u(t)) L > + 0(||«(t) ||| 2 ) 
By lemma 2.2 (Hi). 

Now by Lemma 2.2 (i) and the sharp Garding inequality, we obtain 

(2.16) ((-H p X) w u(t),u(t)) L2 > C\\ {x)- X -¥E±u{t) ||| 2 - C'\\u(t) ||| 2 

m 

On the other hand we have for any e > 

(2.17) \((M + \«)f{t)M*)M <4(*r^E^mh + Ce\\{x)^E_ ± f(t)\\l 2 

m m 

Using ()2.1fi|) and (|2.17j) with e small enough, we obtain 

^N(t) < -C4(x)-^E ± u(t)\\l 2 +C 2 \\(x)^E_ ± f(t)\\l 2 + C 3 N(t) 
at m m 

Integrating this inequality between and t (in [0,T]) and using Gronwall's inequality, we 
obtain the conclusion of Theorem 1.1. ■ 

Proof of theorem 1.2. 

Let x e C^°(K + ), x(t) = 1 if t G [0, 1], x(t) = if t > 2. Recall that according to ljTT3t we 

n 

have p = |£| 2 + q(x,£) where q(x,£) = ^ W k {%)£j£k an d b jk £ S((x)~ a ° , g). Let us set 

i,fe=i 

(2.18) 1^-^. l<j,A;<n 
Then we have the following result. 

Lemma 2.3 Let a be defined in Lemma 2.1. One can find positive constants Co, C\ and C 2 
such that if we set 

a i i / (x) 2 

(2.19) -A = p-^x 1 



j,k=i 



then 



(*) - h p x > c (x)- 3 (iei + (x)%)£ A % - c ^)' 1 ~ ao (\^\ + <*> f )» - c 2 

j,fc=l 

(«) a e ^((e)^- 1 ^), 

(m) [P,A w ]-i(fr p Ar eOp w Sr(l,</). 



Proof 

First of all we have 

(2.20) \H p A jk {x,d)\ <Cit^-, l<J,k<n, (^)ef(r). 

Indeed we have {\£\ 2 ,A jk } = and \{q, A jk }\ < C 2 -^-. 

\ x ) a ° 

Let us set 

n 

(2.21) D = l + a 2 + 

j,k=i 

We claim that on the support of x{{ x )^P~*) we have 

(2.22) C 3 (x) 2 < D < C A (x) 2 
for some positive constants C 3 and C 4 . 

Indeed a straightforward computation shows that 

W) 2 +E(^*-^-) 2 >N 2 iei 2 - 

Since by Lemma 2.1 we have a(x, £) = -^y for |x| > i?o 3> 1 and |£| > C5 > on 
the support of x we deduce that D > C 6 (x) 2 when \x\ > R - When \x\ < R we have 
D > 1 > — l -^(x) 2 . 

Now we can write with r(x,£) = (x)^p~^ : 



-H p \ = h + I 2 

(2.23) { h = D-i{D{H p a)-\a{H p D))p^-h x ( r ) 

11 1 

I 2 = p™-2 aD-2H p (x(r)) 
We have 

Y n 1 n 

DH p a - -a(HpD) =(1 + A 2 jk )H p a + a 2 H p a - -a(2aH p a + 2 ^ A jk H p A jk ) 

j,k=l j,k=l 



n 



j,k=l j,k=l 



8 



Using (EHHj) and flZSH we see that 



(2.24) |a| \A jk \\H p A jk \ < a 

j,k=i 



7|r . m 



(x) 



<T(I 



Morever by Lemma 2.1 we have on the support of x(r), 



(2.25) ^-1(1 + £ 4Jtf p a > (1 + Ajk)(Ci{\t\ + (x)*)* - Cfe). 

j,k=i i)fc=i 



Therefore (j23T| . (J2~23j) . (|2~24jl . (|2~25jl show that, 

(x) 



j,k=i 

On the support of 1 — x(r) we have |£| < (x)^ so we obtain, 

(2.26) I x > C 12 {x)-^\ + (x)*)* £ A% - Cia ^^ff - C M . 

On the other hand we have, 

\H P ( X {r)\ = \p-h'(r)H p (x)f\ < 9E\ X ' ( r )M(x)f \ 

It follows from ()2.22|) and the estimate \a\ < C%q(x) that, 

(2.27) \I 2 \ < C 17 , 
since (x)^" 1 ^^ 1 < C 18 . 

Then (z) in lemma 2.3 follows from (j2.23J) . ()2.26|) and ()2.27|) . The proofs of (ii) and (Hi) are 
the same as those in the proof of lemma 2.2. ■ 

End of the proof of Theorem 1.2. 

We introduce as before, for t in (0, T). 

N(t) = ((M + X w )u(t),u(t)) L , 

Where M is a large constant. Then N(t) ~ II^(^)IIl 2, 

Now using the equation and Lemma 2.3 (Hi) we can write, 

j t N(t) = -((-H p \) w u(t),u(t))L> ~ 2Im((M + X°)f(t),u(t))» + 0(\\u(t)\\\ 2 ) 



Since by (11.13)) and ()2.19|) we have (x) 2 A^ k = l? k , Lemma 2.3 (i) and the sharp Garding 
inequality ensure that 

j n 

-N(t) <-d \\(x)^E^JMmh + C2\\(x)-^E^um^ 
j,k=l 

+ \\(x) 1 ^ l E_ ± f(t)\\li + C 3 N(t). 

m 

It follows that for < t < T, 
(2.28) 

N(t) + d / Y \\(x}-*E ± £™ k u(s)\\l 2 ds<N(0)+C 2 / \\(x)-^E±u(s)\\ 2 2 ds 

Jo fr> m Jo 

+ [ \\(x) 1 ¥ S1 E_ ± f(s)\\ 2 L2 ds + C 3 [ N(s)ds. 
Jo m Jo 

Using Theorem 1.1 to bound the second term in the right hand side and then using the 
Gronwall inequality we obtain 

N(t)<C(T)(\\u(0)\\h+ f Wix^E^mWhdt). 

Jo 

Using again the inequality (J2.28|) we obtain the conclusion of Theorem 1.2. The proof is 
complete. ■ 
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